The paper presents the Rrst result on ISS properties of dynamic unicycle models describing nonhoionomie mcbile robots. It is known that ISS is related to smooth stabilizability, however this relation cannot exclvde the possibility of non smoothly stabilizable systems enjoying ISS properties. In fact, it is ehown that in a certain topology that seems to suit the nonholonomic nature of the mobile robot, and by applying e particular Control law, the closed loop system can be rendered locally ISS. Apart from any possible theoretical ramiflcetions, this result encourages an 1%-based stability analysis of groups of mobile robots.
I. INTRODUCTION

Input-t.ostate stability (ISS) [l]
is a framework for stability and robustness analysis that has proved to be extremely useful in a variety ofapplications, from biochemical networks (21 to formation control and robotics 131, [4] . The success of input-tostate stability as an analysis tool is due in part to its invariance properties under a large class of system interconnections [l] . It is also known that ISS is closely related to the ability to stabilize the system using smoobh control inputs can come up with stability measures and error bounds for the vehicles in the formation, that depend on the group leaders input [7] . This work has primarily focused on linear dynamics, such as those obtained through inputoutput feedback linearization. However, vehicles in Kendynamics, and the insight that one can gain through an ISS analysis, this result seems to he implying that generalization of ISS-based formation control to more detailed, nonlinear vehicle models may be possible. The result presented in this paper is primarily based on the introduction of a particular metric on the state space of the nonholonomic robot and the use of a discontinuous, nonholonomic feedback controller. The stability of the closed loop system is established through a (nested) singular perturbation analysis that imposes certain conditions on the controller gains. It is also worth noting, that the nonlinear gain estimate from disturbances to state can be expressed as a linear function of the magnitude of the disturbances. This is important because it opens the way to efficient gain computation algorithms that can scale easily in large groups of mobile robots.
The rest of the paper is organized as follows: in section I1 we give a brief description of the problem at hand and we introduce the metric. Section 111 introduces the dynamic nonholonomic feedback controller and e s t a b lishes its stability properties using singular perturbations arguments. In section IV the closed loop system is shown to be locally ISS with respect to acceleration input disturbances. Section V verifies the theoretical results via numerical simulations. Finally, section VI concludes the paper with a summary of the contributions of this paper.
PROBLEM DESCRIPTION
eral, and mobile robots in particular, are generally described in terms of nonlinear, nonholonomic models. It is thus natural to ask if such techniques can be applicable to the case where complete nonholonomic dynamics are concerned.
The highly nonlinear nature of the problem and the p e culiarity of the nonholonomic dynamics make the p r o b lem particularly challenging. Moreover, the known result to think that systems that cannot be smoothly stabilized 
in a certain topology which seems to characterize better the nonholonomic nature of the system, it is possible to establish local ISS properties. Beyond any theoretical imdications reeardine the nature of the nonholonomic ity wd in order to minimize these differences, i.e. stabilize the variables (5, y, 0) to the origin. These speeds are to be realized through the translational and rotational acceleration inputs, a and a, respectively. Let e, and e, denote the velocity errors, between the true vehicle veProofi In order for (3) to qualify for a metric on Se, it has to satisfy: locities and the desired. Then the dynamics of a mobile
robot can simply be described as follows:
which is negative in Si since ~1 , s~
shown for SZ. Figure 6 shows the topology induced by the metric on
plane. Note that this metric applies in Si and
Using polar coordinates for the description of the position and orientation:
the dynamics of the robot can be written as: 
CLOSED LOOP STABILITY
A. The Singularly Perturbed System
By an appropriate choice of control inputs and sufficiently large gains, the system ( 2 ) can take the form of Proposition 11.1 The function dl : S, given a s : be defined as:
W, i = 1,2 a singularly perturbed system. Let the desired velocities and the acceleration inputs as:
B. Gain Selection for Stability
The stability analysis will be performed here assuming that the system is within the region where cosp > D.
The case where cosip < 0 can be treated similarly. In the course of the discussion it will become clear that each
(5b) one of these regions are made positively invariant through (5a)-(5b).
A Lyapunov function for the boundary layer system (6) can be the following:
If we let k, = k,ke, with ke > 1 and substitute (4b) and (5b) into (2) we obtain a singular perturbed version of (2), the (ee,ew) subsystem of which is:
e, giving rise to an exponentially stable boundary layer system:
vdes,e,) = Zed + $e: .
Combining (10) with (9) we can define a Lyapunov function for the singular perturbed system k, e, k,
where T = t i e and z = the reduced system IS the singular parameter, and
(7c)
. Ud + e, .
'p=-sin 'p T Applying (4a) and (sa) in (7), the closed loop reduced system becomes:
. From the local LiPscbtz continuity 9(5) = 5 ' it follows that there exists a positive constant L such that:
which is easily shown to be exponentially stable with r e spect to the metric (3) after considering the Lyapunov function candidate:
%(r, p, e,) B + sin2 9 + e: cos $ 0 from which we can extend the bound of V :
. ko-1 2 1 + 2 k a -k 0 and taking its time derivative:
2ke -2min{kl,kz)cosee(eE +r2sec4'p+sin2'p)
+2(1+L)max{l,kl})ee)cosip(l+
5 -2min{kl,k2}d%(r,'p,e,).
From the exponential stability of (6) and (7) we can conclude that there is a sufficiently large k, for which (2) is exponentially stable with respect to the metric (3). Estimating the bound for k, is more involved and is treated in the next Section. layer system 9 i = -rkl
which is also exponentially stable. Therefore, for a sufficiently large kz, the origin of (8) suggested by the aforementioned Lemma, we can obtain the following bound for V :
Using the bound on V 5 -Xmin(Q)d%, v , e,, ea, e,) (12) where Amin(.) denotes the minimum eigenvalue and the symmetric matrix Q is given as:
. u + e , . + r + 2ki cos eg sin2 p -kl sin(2p) sin eg -2k2. 2 We then need to make sure that Q is positive definite.
First note that without loss ofgeneralitv, one can assume -" . that k2 > kl, which is reasonable since we need k2 to be sufficiently large. Then in order for Q to have positive eigenvalues, it is sufficient that -2e,r sec3 p sin'( 9) -2klr' cos ea sec4 p e J , + 2e,6, + -. For a constant parameter 5 E (0, l), we can then have: Figure 6 shows the evolution of the metric d, along the trajectory of the robot, indicating clearly the initial transient phase where it the metric is decreasing and then the steady state, where it is ultimately bounded.
VI. CONCLUSION
In this paper we establish the ISS properties of dynamic unicycle models for mobile robots, with respect to acceleration input disturbances. The system is rendered ISS after the application of a (discontinuous) feedback controller that is shown to be robust with respect to such perturbations. The ISS properties of the closed loop system are established with respect to a particular metric, the induced topology of which seems suits the nonholonomic nature of the syst.em. We believe that this result is 
